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5.2, p.119

. NF (V) (Yy)r+y=y+xzand N ¥ -[(Vz)(Vy)z +y =y + ]

Proof. We must find an Lyp-structure such that 2 E N and A ¥
S[(Vo)(Vy)r +y =y + a].

Section 2.8.1 8: There exists such a 2.

Proof of 8: Let 2 be a structure with 0% = 0, the underlying set A =
NU{a, 8}, where o and 8 are nonstandard, and the following functions

1
Sm(x):{x—i_ r €N

and relation

x z € {a, 5}

'a:+y z,y €N
x r € {a,f} andy € N

LY ofw
(x-y r,y €N
x r€{a,f} andy €N
Yy ojw
Y xr,yeN
0 ze{a,flandyeN
1 o/w



u when z,y € Nand x <y
T
Y1 or when z € {a,b} and y € N

Specifically, ( Vz)-x <* x is false.

To save some time typing and because the first four axioms are covered
in the text, we will just show 2 F {N;,..., N1;}. (I'm not entirely sure
why they're able to ignore them in the text. It is necessary to consider
them in order find an £ yp-structure that doesn’t model commutativity
of addition, isn’t it?)

Nj: Clear.

Ng: Clear when z,y € N.

Let € {a,3} and y € N. Then, 2 * S*y =2 * (y+1) = 2 and
(z2y)+rr=c+%2 =1

Ny: Clear when z,y € N,

Let x € {a, 8} and y € N. Then, E%*0 =1 and S*0 = 1.

Ng: Clear when z,y € N.

Let x € {a,3} and y € N. Then, 2zE¥(S%y) = 2E*(y + 1) = 0 and
(zE*) 2z =022 =0.

Ny: Clear.

@: In English this says z is less than y + 1 when x is less than or
equal to y, so this is clear when x,y € N. Since our nonstandard « and
[ are less than any y € N, this is also clear when x € {«a, 5} and y € N
and otherwise.

Ni;: Following our definition of <¥ this is fairly clear as well.

Thus 2 is an Lyp structure such that A ¥ ( Va)( Vy)z +y =y +
since we defined <® such that ( Va)r <* z is not true. O

Now, by the Soundness Theorem, we have N ¥ ( Vz)( Vy)z+y = y+x.
On the other hand Dt is structure such that 9t E N and M ¥ —[( Vz)( Vy)z+
y=1y+zx],so NF¥F (V) Yy)r +y =y + = again by the Soundness
Theorem. |

5.3, p.128

2. Suppose A C N is represented by ¢(z) and B C N is represented
by ¥(z). Then,

o(z) V ¢(x) represents AU B



(a) Proof. Let a € AU B. We must show N F ¢(a) V ¢(a).
If a € A, then N I ¢(a) since ¢(z) represents A.
o), <. o) V ()
N+ ¢(@) V (@) by the (PC) rule of inference.
If b€ A, then N F 4 (a) since 1(x) represents B.
U(x), . o(x) V()
N F ¢(a) V ¢(a) by the (PC) rule of inference.
On the other hand, suppose a ¢ AU B. We must show N F
~(¢(@) v ¥(a)).
Since a ¢ A and a ¢ B, we know N F =¢(a) and N F —)(a) since
¢(x) and ¥ (x) represent A and B respectively.
—¢(a) and (@), .. ~(é(@) v ¢ (a))
Thus, N F =(¢(a) V ¥(a)) by the (PC) rule of inference.
Thus, ¢(x) V 1(x) represents AU B. [ |

(b) &(z) A (x) represents AN B

Proof. Let a € AN B so that a € A and a € B.
N+ ¢(a) and N F ¢(a) since ¢(x) and 1p(z) represent A and B

respectively.
¢(z) and P(z), .. ¢(x) A ¥ (x)
Therefore, N = ¢(a) A ¢(a) by the (PC) rule of inference. [

(c) —¢(x) represents A°, the complement of A.

Proof. Let a € A° so that a ¢ A. Then, N F —¢(a) since ¢(x)
represents A. If, on the other hand a ¢ A® so that a € A. Then,
N F ¢(a), or N - =(—¢(a)) since ¢(x) represents A. By Definition
5.3.1, =¢(x) represents A°. |

3. Every finite subset of the natural numbers is representable, and every
subset of N whose complement is finite is also representable.

Proof. Lemma 2.8.4: If a = b, then N Fa = b. If a # b, then N @ #
b.

For any n € N, ¢(z) := x = 7 represents {n}.

A finite set is a union of these sets, and by Exercise 2 part (a), any
finite set is representable.



By part (c) of Exercise 2, every subset of N whose complement is finite
is also representable. |

7. Divides(x,y) := (32)(z -z = y)

I'm not entirely sure what sets like DIVIDES contain. Something like
EVEN is easy enough to understand, but not so much with things like
DiviDES and PRIMEPAIR. Since every prime has an adjacent prime, I
would think that all primes would lie in PRIMEPAIR, but then PRIME-
PAIR=PRIME. As for DIVIDES, I can only imagine it contains numbers
that...divide another number(?), which would would be all of them,
which doesn’t make much sense. They don’t contain pairs of numbers,
do they?

5.5, p.136

2. (a) The sequence of symbol numbers for = 4000 is (7,11,9,9,9), and
the code is 283125107101110,

(b) The sequence of symbol numbers for = FvySvs - Evivev is
(7,17,2,11,4,15,17,2,4,2), and the code is 283'¥5371211513161718193235293,

(¢) The sequence of symbol numbers for (= 00V (= < 00)) is
(21,7,9,9,3,21,1,19,9,9,23,23), and the code is
222385107101 1413221 7219202310991031 243724,

(d) We have (Jvg)(< v20) = (= V-wy)(< v20). The sequence of
symbol numbers is (21,1,5,1,4,23,21,19,4,9,23), and the code
is 222325672115132417221920235291031%4,



