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Abstract. The main objective of this work is to prove that every Clifford
algebra Cl, 4 is R-isomorphic to a quotient of a group algebra R[G),q]
modulo an ideal J = (1 + 7) where 7 is a central element of order 2.
Here, G, 4 is a 2-group of order 277" belonging to one of Salingaros
isomorphism classes Nog—_1, Nok, Qox—1, Q2 or Sk. Thus, Clifford al-
gebras Cfl, 4 can be classified by Salingaros classes. Since the group
algebras R[Gp, 4] are Zs-graded and the ideal J is homogeneous, the
quotient algebras R[G]/J are Zz-graded. In some instances, the isomor-
phism R[G]/J = Cl, 4 is also Zs-graded. By Salingaros Theorem, the
groups Gp ¢ in the classes Nai_1 and Naj are iterative central products
of the dihedral group Dg and the quaternion group @s, and so they
are extra-special. The groups in the classes Qar—1 and Qo are central
products of Nap_1 and Nap with C2 x Ca, respectively. The groups in
the class Sj, are central products of Ny or Nog with Cy. T'wo algorithms
to factor any Gp,q into an internal central product, depending on the
class, are given. A complete table of central factorizations for groups of
order up to 1,024 is presented.

Mathematics Subject Classification (2010). Primary 15A66, 16 W50, 20C05,
20C40, 20D15; Secondary 68W30.

Keywords. 2-group, central product, Clifford algebra, cyclic group, ele-
mentary abelian group, extra-special group, Zs-graded algebra, graded
algebra morphism, group algebra, homogeneous ideal, quotient algebra,
Salingaros vee group.

1. Introduction

Salingaros [17-19] defined and studied five families Naj_1, Nog, Qog—1, Qok
and S of finite 2-groups related to Clifford algebras C¥, ;. For each £ > 1,
the group Noj_; is a central product (Dg)°* of k copies of the dihedral
group Dg while the group Noj is a central product (Dg)o(k_l) oQgof k—1
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copies of Dg with the quaternion group Qg *. The groups Nojy_1 and Ny, are
extra-special. Salingaros showed that (op_1 = Nog_1 0 Dy, Qo = Nog 0 Dy,
and S = Nog_1 0 Cy = Ny, o C4, where Cy and Cy are cyclic groups of
order 2 and 4, respectively, and Dy = Co x Cs (cf. [6]). Chernov [7] observed
that a Clifford algebra C¥, , could be obtained as a homomorphic image of
a group algebra R[G] assuming there exists a suitable finite 2-group with
generators fulfilling certain relations. As an example, he showed that C/; o =
R[Qs]/J while Cly 1 = R[Dg]/J, where in each case J is an ideal generated
by 147 for a central element 7 of order 2 and the isomorphisms are R-algebra
isomorphisms. Walley [21] showed that Clyo = R[Ds]/J, which was to be
expected since Cl; 1 = Cly o (as R-algebras). Walley also showed that Clifford
algebras of dimension eight in three isomorphism classes can be represented
as 06073 = R[Go)g,]/j, 06271 = R[Gg)l]/j, 05172 = R[Gl)g]/j, and 05370 =
R[G&Q]/j where Go73 € Qg, G271 S Ql, and GLQ = Gg,o € 5. In each
case, one needs to define a surjective map from one of the group algebras to
the Clifford algebra with kernel equal to the ideal (1 + 7). Furthermore, one
observes that for each p + ¢ > 0, the number of non-isomorphic Salingaros
groups of order 2P19+1 equals the number of isomorphism classes of universal
Clifford algebras C¥), , (see Periodicity of Eight in [13] and references therein).

Thus, for example, Salingaros groups in two classes N3 and N, are
sufficient to give two isomorphism classes of Clifford algebras of dimension
sixteen: 05074 = C€173 = 054,0 = ]R[Nd/j, and 06272 = 05371 = R[Ng}/j

This approach to the Periodicity of Eight of Clifford algebras would
allow us to apply the representation theory of finite groups to explain some
of the properties of Clifford algebras. For example, the fact that, up to an
isomorphism, there are exactly two non-isomorphic non-Abelian groups of
order eight, provides a group-theoretic explanation why there are exactly
two isomorphism classes of Clifford algebras of dimension four. Furthermore,
one observes that a construction of primitive idempotents [4, 13] needed for
spinor representations of Clifford algebra C¥,, , is possible due to the central-
product structure of the related group G 4 in which the subgroups centralize
each other and each subgroup contains at least one element of order 2.

This paper is organized as follows:

In Section 2 we provide three examples of Clifford algebras as projections
of group algebras.

In Section 3 we discuss general properties of Salingaros vee groups G 4.

In Section 4, after providing necessary background material from group
theory, we describe the central product structure of Salingaros vee groups. We
recall Salingaros Theorem that classifies these groups into five isomorphism
classes.

In Section 5, we state our Main Theorem. We prove that the group al-
gebras R[G, 4] are Za-graded algebra. Then, we prove homogeneity of their
ideals generated by 1 4 7 for a central involution 7, and prove that the quo-
tient algebras R[G) 4]/ J are Za-graded. We prove, using the group theory,

1By a small abuse of notation, we identify the group Gp,q with its Salingaros class.
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that the isomorphism R[Qs]/J = Cly 2 is Ze-graded while only one of two
isomorphisms R[Dg]/J = Cly 1 or R[Dg]/J = Cla g is Zs-graded.

In Appendix B we show two algorithms to represent all Salingaros vee
groups Gp 4 for p + ¢ < 9 as internal central products of subgroups. These
algorithms have been implemented in CLIFFORD [1,2].

Throughout this paper, Cy and Cy4 are cyclic groups of order 2 and 4,
respectively; Dy = Cy x Cy; Dg is the dihedral group of a square and Qg is the
quaternion group, both of order 8. G’, Z(G), and ®(G) denote the derived
subgroup of G, the center of G, and Frattini subgroup of G, respectively.
Notation H < G means that H is a normal subgroup of G while [G : H]
denotes the index of a subgroup H in G (defined as the number of left cosets
of H in G) [11,16].

2. Three examples of Clifford algebras as projections of group
algebras

Let G be any finite group and let F be a field. Denote the group algebra
of G over F as F[G], thus F[G] = {EQGG A8, Ag € IF} with the algebra

multiplication determined by the group product [11]. In this paper, we focus
on real group algebras of finite 2-groups, in particular, Salingaros vee groups.

Definition 1. Let p be a prime. A group G is a p-group if every element in G
is of order p* for some k > 1. So, any finite group G of order p™ is a p-group.

There are exactly two non-abelian groups of order eight, namely, the
quaternion group (Js and the dihedral group Dg. The quaternion group has
two convenient presentations:

Qs = {a,b|a*=1,a> =% bab~! =a™ 1) (1la)
=(IJr|=1,1*=J"=11J]=1JI) (1b)
with I = a,J = b,7 = a?, and |a?| = 2, |a| = |a®] = |b] = |ab] = |a®b| =

|a3b| = 4. The order structure of Qg is [1,1,6] ? and its center Z(Qs) =
{1,a%} = Cy. We present the dihedral group Dg in two ways as well:

Dg = {(a,b|a*=0*=1,bab™* =a™ 1) (2a)
=(o,7|o* =7 =1, 7017 =07 1) (2b)

with 7 = a,0 = b, s0 |a?| = |b] = |ab| = |a?b| = |a®b] = 2, |a| = |a®| = 4. The
order structure of Dg is [1,5,2] and its center Z(Dg) = {1,a?} = Cy. 3

Recall the following two constructions of H = Cly 2 as R[Qg]/J and
Cty 1 as R[Dg]/J due to Chernov [7].

2This means that Qg has one element of order 1, one element of order 2, and six elements
of order 4.

31t is well known [12, Lemma 2.1.9] that any dihedral group Dgyn41 for n > 2 is a split
extension of Can by C2 whereas any quaternion group Qgn+1 is a non-split extension of
Can by C2. We do not discuss group extensions in this paper.
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Example 1. Define an R-algebra map ¢ from R[Qs] — H = sp{1,1,j,ij} as:
1—=1, 7=-1, I—i J—j, (3)
Then, J = ker1p = (147) for a central involution T = a? in Qg, so dimg J =

4 and 1 is surjective. Let m : R[Qs] — R[Qs]/T be the natural map u — u+7.
There ezists an isomorphism ¢ : R[Qs]/J — H such that p o™ = and

T(I°) =+ J =7+7 and o(x(I*)) = $(7) = =1 = (¥(1))* = I,
w(J?) =T+ T =7+ and p(x(J*)) = (1) = =1 = (¥(J)))* = i,
T(IJ+JI)=1J+JI+T=01+71)JI+T =J and
p(r(IJ + J1I)) =1(0) = 0 = p(I)p(J) + () (I) = ij + ji.

Thus, R[Qs]/T = v (R[Qs]) = Cly 2 = H provided the central involution T is
mapped into —1.

Example 2. Define an R-algebra map ¢ from R[Dg] — Cl1 1 as:

1—1, Tre;, 0 e, (4)
where Cly 1 is generated by orthonormal generators e, e satisfying relations
(e1)? = 1,(e2)? = —1,e1e; = —eqe;. Then, kertp = (1 + o2) where 02 is a
central involution a® in Dg. Let J = (1 + 02). Thus, dimg J = 4 and v is
surjective. Let  : R[Dg] — R[Dg]/J be the natural map w — u + J. There
exists an isomorphism ¢ : R[Dg]/J — Cly 1 such that ¢ om =1 and

R(P2) =72+ T = 147 and o(x(r2) = (1) = ¥(+2) = (1) = 1,
7(0%) = o + T and (x(0%) = 9(0%) = $(~1) = (e2)® = —1,
n(ro+or) =10 +or7+ T =0r(1+0*)+T =J and
p(n(ro +o07) = Y(7)¢(0) + ¢(0)(1) = ¢(0) = e1ez + eze; = 0.
Thus, R[Dg]/J = Cly 1 provided the central involution o® is mapped into —1.

Walley [21] extended Chernov’s construction to Cla ¢ and represented
it as R[Dg]/J as shown in the following example.

Example 3. Define an algebra map ¢ from R[Ds] — Cla o as:
1— ]., T +— €1, o — €ej€ea, (5)

where Cly o is generated by orthonormal generators e, ey satisfying relations
(e1)? = (e2)? = 1,e1es = —egey. Then, keryp = (1 + o2) where 02 is a
central involution a® in Dg. Let J = (1 + 02). Thus, dimg J = 4 and v is
surjective. Let m : R[Dg] — R[Dg]/J be the natural map u v+ u+ J. There
exists an isomorphism ¢ : R[Dg]/J — Cla o such that ¢ om =1 and

n(r?) =7+ T =1+ 7 and p(n(7%)) = »(7%) = 9(1) = (e1)* = 1,
)

7(0?) = 02+ 7 50 g(n(0?) = (1) = (e1e2)® = —L, s0 (e)? =1 since
o(r(ro+or))=p(ro+or+T)=plor(1+ 02) +J)=p(J) and
P(T)Y(o) + ¥(0)Y(T) = ¥ (0) = erjer1es + e1eze; =0, so ejes + ezeq = 0.
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Thus, R[Dg]/J = Cls o provided the central involution o® is mapped into —1.

Let us summarize the above three projective constructions. Notice first
that each group No = Qs and N7 = Dg can be written as follows:

1. The quaternion group Qs:
Qs = {7%°g{"¢5% | a, € {0,1}, k =0,1,2}
where 7 = a? is the central involution in Qg, g1 = a, and g» = b. Thus,
(91)2 =a’=r, (92)2 =b’=ad’=71, To192 = 9201

Observe that |g1]| = |g2| = 4 and R[Qs]/T = Cly 2 where J = (14 7).
2. The dihedral group Dsg:

Dsg = {r%°¢{"g5? | ax, € {0,1}, k =0,1,2}
where 7 = a? is the central involution in Dg, g1 = b, and ¢g» = a. Thus,
() =0*=1, (g)°=d*=7 79192 = g201.

Observe that |g1| = 2, |g2| = 4 and R[Dg]/J = Cl1 = Clyy where
J=(1+7).
Examples 1 and 2 illustrate Chernov Theorem [7]. Here is its reformu-
lated version with a proof.

Theorem 1. Let G be a finite 2-group of order 217" generated by a central

mwvolution T and additional elements gi,...,gn, which satisfy the following

relations:
=1, (91)2 == (gp)2 =1, (gp-i-l)2 == (gp+q)2 =T, (6a)
T9; = 957, Gi9; = T73;9i, i?jzlv"'7n:p+Q7 (Gb)

Let J = (1 + 7) be an ideal in the group algebra R[G] and let C¢, , be the
universal real Clifford algebra generated by {ex},k =1,...,n =p+q, where

1 1<i<p;
e =Q(e;) 1=¢;-1= for *Z*]_?’ (7a)
-1 forp+1<i<p+g;
ee;jt+ee; =0, i#j 1<ij<n. (7b)

Then, (a) dimg J = 2"™; (b) There exists a surjective R-algebra homomor-
phism ¥ from the group algebra R[G] to Cl, , with kery = J.

Proof. Observe that G = {7*g{* ---go"} | oy, € {0,1}, £ =0,1,...,n}. The
existence of a central involution 7 is guaranteed by a well-known fact that the
center of any p-group is nontrivial [16]. Define an R-algebra homomorphism
Y : R[G] = C¢, 4 as:

1—=1, 7 -1, 9; — €5, J=1...,n (8)
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Clearly, J C kert. Let uw € R[G]. Then, u =Y Aa7gy'" - -+ go™ = uq +Tus

where u; = ) - )\g)g?l---gg", i=1,2 a=(agai,...,a,) € R and
a=(ag,...,a,) € R™ Thus, if u € ker, then

) = D0F = A e e =0 )
implies )\S) = )\g) since {e]'---e" | (a1,...,a,) € (Z2)"} is a basis in
Clp 4. Hence,

u=1+71)Y Agt - gam e .

Thus, dimg ker 1) = 27, kert¢) = 7, dimg R[G]/J = 217" — 2" = 2" 50 9 is
surjective. Let ¢ : R[G]/J — C¢, 4 be such that ¢ o = 1 where 7 : R[G] —
R[G]/J is the natural map. Then, since ¥(g;) = e;, 7(g;) = g; +J, we have
p(m(95)) = #lg; + T) = ¥(9;) = e; and

m(g;)m(gi) + m(g:)m(g9;) = (95 + T)gi + T) + (9; + T)(gi + T)
=(9j9i +9i9;) + T =(1+1)gj9: + T =T

for ¢ # j since g;g; = 7g;9; in R[G], T is central, and J = (1 + 7). Thus,
g9; +J,9; + J anticommute in R[G]/J when i # j. Also, when i = j,

1+J, 1<i<p;

W(gi)ﬂ(gi):(gi+j)(gi+j):(gi)2+j:{T+j’ prl<i<nm:

Observe, that 7+ 7 = (=1)+(14+7)+J = (—1)+J in R[G]/J. We conclude
that the factor algebra R[G]/J is generated by the cosets g; +J which satisfy
these relations:

(95 +I)Ngi +T)+ (g +T)Ng:i +T)=J,

1+ J, 1< < p;
(9:)°+ T = P )
(-D)+J, p+1<i<m

Thus, the factor algebra R[G]/J is isomorphic to C¢,, 4 provided J = (1+7)
for the central involution 7 in G. (]

Note that Example 3 shows that the map ¢ : R[G] — C¥,, 4 need not be
defined as in (8). This allows one to define different surjective maps 1 from
the same group algebra R[G] to different but isomorphic Clifford algebras,
e.g., Cfl,l = CEQ,O.

3. Salingaros vee groups G, C C(;

We begin by recalling a definition of a derived subgroup and its basic prop-
erties [8,9,12,16].
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Definition 2. If G is a group and x,y € G, then their commutator [x,y] is
the element x 'y~ 'xy. If X and Y are subgroups of G, then the commutator
subgroup [X,Y] of G is defined by [X,Y] = ([z,y] | ¢ € X,y € Y). In
particular, the derived subgroup G' of G is defined as G' =[G, G].

Proposition 1 ([16]). Let G be a group.

(i) G is a normal subgroup of G, and G/G’ is abelian.
(ii) If H< G and G/H is abelian, then G' C H.

Let G, be a finite group of order 2PT4*! contained in cry . with a
binary operation being the Clifford algebra product. G, , can be presented
as:

Gp’q = <_17e17'”7en | [ei,ej} = —1 for #],
[e;, 1] =1, (-1)* =1, and e = £1), (10)

where [-,-] denotes the commutator of two group elements, (e;)?> = 1 for
1<i<pand (e)? = —1forp+1<i<n=p+q. In the following, the
elements e; = e;,e;, ---e;, will be denoted for short as e;,;,...;, for k > 1
while ey will be denoted as 1, the identity element of G, ;, (and C?; ).

The groups G, , are known as Salingaros vee groups. They have been
classified by Salingaros [17-19] and later discussed by Varlamov [20], Helm-
stetter [10], Ablamowicz and Fauser [4,5], Maduranga and Ablamowicz [15],
and most recently by Brown [6] and Walley [21]. G, 4 is a discrete subgroup
of Pin(p, ¢q) C T}, 4 where T', , is the Lipschitz group in C?,, , [13].

Let us recall a few basic facts about these groups.

|Gpq| = 2"1PF, G4l = 2 since G}, = {£1}.
2. G, 4 is not simple because as a finite 2-group it has a normal subgroup

of order 2™ for every m < p + g + 1. In particular, it has a subgroup of
index 2.

—_

3. The center Z(G, 4) of G, 4 is non-trivial since 2 | |Z(G, )| and so every
group G, 4 has a central element of order 2. It is well-known that for any
prime p and a finite p-group G # {1}, the center of G is non-trivial [16].

4. Every element of G, 4 is of order 1, 2, or 4. This follows directly from
the definition of G, ; as well as from its central-product structure (to be
discussed below).

5. Since [Gpq : G, .l = |Gpgl/IG),| = 2°19, each G, has 2PT9 linear
characters [11,14].

6. The number N of conjugacy classes in G, 4, hence, the number of irre-
ducible inequivalent representations of G, 4, is 1 4+ 2P*9 (resp. 2 + 2P11)
when p + ¢ is even (resp. odd) (cf. [14,15]).

7. The center Z(G),4) is described by the following theorem (see also [20]):
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Theorem 2. Let G, , C Cl; . Then,

{£1} 2 Cy ifp—q=0,2,4,6 (mod 8);
Z(Gpq) = {£1, 8} = Cax Ca ifp—q=1,5 (mod 8); (11)
{£1,£8} =2 C4 ifp—q=3,7 (mod 8).

as a consequence of Z(C¥, ,) = sp{1} (resp. sp{1,5}) when p + ¢ is even
(resp. odd) where § = ejes---e,, n = p + ¢, is the unit pseudoscalar
in Clp 4.

Salingaros’ classes Nog_1, Nog, Qor—1, Qak, and Sy [17-19] are related to
the groups Gp, 4 as follows:

Nop—1 > Gp g CCl, ,, p—q=0,2 (mod 8), K=R;
Noj <> Gp g C Ol p—q=4,6 (mod 8), K=H;
Qop 1 GpeCCly yp—q=1 (mod8), K=ZROR; (12)
Qo > Gp g CCl s p—q=5 (mod8), K=HaoH
Sk GpaCCly,, p—q=3,7 (mod 8), K=C.

TABLE 1. Five isomorphism classes of vee groups G 4 in Cf;,

Group G | Z(G) | Group order | dimC¥,, | Z(C¢, ,)
Nogp_1 C2 22k+1 22k: Sp{].}
Ngk 02 22k+1 22k bp{l}
QQkfl 02 % 02 22k+2 22k+1 Sp{Lﬁ}
Qog Cy x O3 22k +2 22+ sp{1, B}
Sk 04 22k+2 22k+1 Sp{l, ﬁ}

The first few vee groups G, , corresponding to Clifford algebras CY,, 4

in dimensions n =p+¢q =1, 2,3, are:

n=1: Go1=5 =Cs, Gio=Q =Dy,
n=2: Go2=Ny=(Qg, Gi1=N;=Dg,
=3: Goz =y, G125, G =Q,

See Table 2 for all groups for n < 8.

Gao = Ny = Dy,
G = 5.
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TABLE 2. Isomorphism classes of groups G, 4 for n =p+¢q < 8.

PAdl ¢ 7 6 -5 -4-3-2-10 1 2 3 4 5 6 7

8

No
So Qo
Ny N1 Ny
QQ S1 Ql Sl
Ny Ny N3 N3 Ny
Sa Qa Sa Qs Sa Qq4
N5 N6 N6 N5 N5 N6 N6
Qs S3 Qs S3 Qs S3 Qs S3
N7 N7 Ng Nsg N7 N7 Ng Ns

0~ O Ul W~ O

N7

4. Central product structure of G,

In this section we review basic results on extra-special p-groups from [8,9,12]
that lead to Salingaros Theorem for the groups Gy, 4.

Definition 3 ([9]). A finite abelian p-group is elementary abelian if every non-
trivial element has order p.

For example, (C,)* = C, x --- x O}, (k-times) is elementary abelian. In
particular, Dy = Cy x Cy and C5 are elementary abelian.
We adopt the following definition of extra-special p-group. 4

Definition 4 ([8]). A finite p-group P is extra-special if
(i) Z(P) =F',

(i) |Z(P)| = |P'| = p, and

(iii) P/P’ is elementary abelian.

The groups Dg and Qg are extra-special and non-isomorphic.

Example 4 (Ds is extra-special). Dg = (a,b | a* = b? = 1,bab™! = a™ 1) is
extra-special because:
(i) Z(Ds) = D} = [Ds, Ds] = (a?), |Z(Ds)] = DY = 2.
(i) Ds/DL = Ds/Z(Ds) = (D}, aDL, bDh, abDL) = Cy x Cs.
(iii) Order structure: [1,5,2]
(iv) Dg = Cy x Cy = (Cy x Cy) x Cy (semi-direct products)

Example 5 (Qg is extra-special). Qg = (a,b | a* = 1,a®> = bv?,bab~! = a~1)
s extra-special because:

(i) Z(Qs) = Qs = [Qs, Qs] = (a*), 1Z(Qs)| = |Q| = 2,

(i) Qs/Qs = QRs/Z(Qs) = (Qs, aQs, bQg, abQg) = Ca x Cs.

(iii) Order structure: [1,1, 6]

(iv) Qs is not a semi-direct product of any of its subgroups (cf. Brown [6])
4An equivalent definition of extra-special p-group is as follows: An extra-special group is

a finite p-group G such that Z(G) = G' = ®(Q) is of order p. Here, ®(G) is Frattini
subgroup of G defined as an intersection of all the maximal subgroups of G (cf. [12]).
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We adopt the following definition from [8] of a group being a central
product of its subgroups. However, some authors define the central product
differently (cf. [9,12]).

Definition 5 ([8]). A finite group G is a central product of subgroups Hy, ..., H,
ifG=Hy---H, and, for any x € H;, y € H;, i # j implies [x,y] = 1. Then,
we will write G = Hy o--- 0 H,. In particular, when n = 2, we have: (a)
[H,K) = (1) and (b) G = HK.

Note that the central product is commutative and associative, and when
G=H;o---0H,, wehave N?_ H; < Z(G), H; < G, and Z(H;) < Z(G) for
each 1.

The following group-theoretic results provide a foundation for Salingaros
Theorem. Here, p is a prime.

Lemma 1 ([8]). Let Pi,..., P, be extra-special p-groups of order p3. Then
there is one and up to isomorphism only one central product of Py,..., P,
with center of order p. It is extra special of order p>* 1 denoted by Pio---0P,,
and called the central product of Py,..., P,.

Remark 1. An important consequence of Lemma 1 is the following observa-
tion: Suppose that H and K are extra-special groups of order p> and G is
their internal central product. Then, Z(H) = Z(K) = Z(G). In particular,

let p = 2 and suppose G = Déz) o Dél) or G = Déz) o Qg where the dihedral
and the quaternion groups have the standard presentations as follows °:
DEY = ai, by | (ai)* = (b)? = 1, (b) Maibi = (a)) ™), i=1,%
Qs = (as,bs | (a3)* =1, (az)* = (b3)*, (b3) "asbs = (az)™").

Since Z(Dé(;)) ={1,(a;)?}, i = 1,2, and Z(Qg) = {1, (a3)?}, the equality of
the centers Z(Dél)) = Z(DéQ)) = Z(Qg) implies that (a1)? = (a2)? = (a3)?.

Lemma 2 ([8]). The groups Qs o Qs and Ds o Dg are isomorphic of order 32,
not isomorphic to Dg o Qg. If C is a cyclic 2-group of order at least 4, then
C o QS = C e} Dg.

The following two results tell us that for any prime p, there are exactly
two isomorphism classes of extra-special p-groups.

Lemma 3 ([12]). An extra-special p-group has order p*"*1 for some positive
integer n, and is the iterated central product of non-abelian groups of order p>.

Theorem 3 ([12]). There are exactly two isomorphism classes of extra-special
groups of order 22" 1 for positive integer n. One isomorphism type arises as
the iterated central product of n copies of Dg; the other as the iterated central
product of n groups isomorphic to Dg and Qg, including at least one copy
of Qg. That is, Dg o Dgo---0 Dg, or, Dgo Dgo---0 Dg o Qg, where it is
understood that these are iterated central products.

5By DE(;), i=1,2,..., we denote different yet isomorphic copies of Dg.
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In Appendix B we show how to decompose the vee groups G, , into

internal central products using this iterative approach.

Theorem 4 (Salingaros Theorem [19]). Let Ny = Dg, No = Qs, and (G)°*
be the iterated central product Go---oG (k times) of G. Then, for k > 1:

- Nap—1 = (N)°F = (Dg)°F,

- Nag = (N1)°% o Ny = (Ds)°* =1 0 Qs,

- Qo1 2 Nog_y 0 (Ca x Cy) = (Dg)°% 0 (Cy x Cs),

. ng = Ngi o (Cg X 02) = (DS)O(k_l) o Qg [} (Cg X 02),

. Sk =~ N2k71 o 04 =~ Ngk o 04 = (Dg)ok o C4 = (Dg)o(k_l) o QS o C4.

Thus, the families Noi_1 and Noy are the two isomorphism classes of extra-
special groups of order 22**1 predicted by Theorem 3 while the three classes

Qo

1, Qg Sy contain non extra-special groups of order 22++2,
As a follow up to Remark 1, we make the following observations.

Remark 2. Let G = G, 4.

(i)

(i)

(iii)

When G = Nox_1 or G = Noy, the centers of the dihedral and the
quaternion groups in the central product factorization of G are equal to
Z(G) with order 2. This implies that the squares of all their generators
a; of order 4 equal T, the single central involution in G which in turn is
Just —1.

When G = Qo—1 or G = Qoy, then Z(G) = Cy x Cy. Thus, from the
Product Formula [16],

_ 92k+2 _ | Nog—1||C2 x Ca| 92k+3

o |N2k_1 n (CQ X Cg)| o |N2k_1 n (CQ X CQ)|’
we find that |Nog—1 N (C2 x Ca)| = 2. Since
Z(Ngkfl) § Z(CQ X CQ) = CQ X CQ,

|G|

(and similarly for Z(Nak)) we conclude that the squares of the gen-
erators a; must equal one of three central involutions in Co X Coy =
{1,8,—1,—5} where B is the unit pseudoscalar in Gp 4 C cey . of or-
der 2. However, since each generator a; is a basis monomial in Cly, 4,
its square is invariant under the grade involution automorphism o« of
Cly.q, that is, a((a;)?) = (a;)?, yet, a(£B) = FB since p + q is odd.
Like in (i), we conclude that the squares of all the generators a; of or-
der 4 equal T = —1, the central involution in G.

When G = Sy, we recall that Z(G) = Cy = (B) and so Z(G) contains
exactly one element of order 2, namely, 3% = —1. Thus, Z(Nax_1) N
Z(G) = Z(Nax) N Z(G) = Cy, and again, the squares of all the genera-
tors a; of order 4 equal T = —1.

As an example of application of Algorithms 1 and 2 presented in Ap-

pendix B, we show how the groups G 4 of order 16 can be written as internal
central products.



12 Rafal Abtamowicz, Manisha Varahagiri and Anne Marie Walley

Example 6. Let p+ g = 3. The central-product factorizations of groups Gp 4
may be given as follows:

Go,3 = = Nyo (Cy x Cy) = (e, e2) o (B, —f3),

G122 81 = NioCy= (e, er)o(f) = NyoCy = (e2,e3) 0 (),
Ga1 = = Nyo(Cy x Cy) = (eg,er) o (B,—0),

G3,0 =51 = NyoCy = (ep,e1) o (B) = Nyo Uy = (enz,e3) o (),

where B is a unit pseudoscalar, Ny = Dg, No = Qg, and we have shortened
our notation to only show generators for all the subgroups 5.

5. Clifford algebras C?, , as images of group algebras R[G, |

Since the relations defining Gy, , shown in (10) are the same as relations (6)
assumed in Theorem 1 (with —1 being a central involution), we have the
following result.

Main Theorem. Every Clifford algebra Cl, 4, p + q > 2, is R-isomorphic to
a quotient of the group algebra R[G), 4| of Salingaros vee group Gy, 4 of order
2p+at modulo an ideal J = (1+7) generated by 1+7 for a central element T
of order 2.

The above theorem allows us to classify Clifford algebras through the
groups G, 4. Notice from Table 2 that for each n = p + g, there is a bijective
correspondence between the isomorphism classes of the groups G, 4, hence,
the group algebras R[G), 4] and their quotients, and the isomorphism classes
of Clifford algebras C?,, , (check Periodicity of Eight in [13, Table 1, p. 217]).
For example, for n = 4, we have two isomorphism classes:

R[N4]/j = 06074 = Cel’g = C€4,0 and R[Ng]/j = C£272 = Cg&l'
5.1. Zy-gradation of R[G), 4|

Recall the following well-known theorem in group theory.

Proposition 2 ([16]). If G is a p-group of order p™, then G has a normal
subgroup of order p* for every k < n.

The following result is an immediate consequence of this proposition.

Proposition 3. Let G be Salingaros vee group Gy 4. Then,
(i) G has a normal subgroup H of index 2.

(i) G = HU Hb for some element b ¢ H such that b2 € H.
(iii) The group algebra R[G] is Zq-graded.

Proof of (i): Follows from Proposition 2.

~ 4

SFor example, Na = Qg = (e1,e2) means that a = e1, b = e2, a* = 1, a®> = b2, and
b~ lab=a~! in agreement with (1a).
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Proof of (ii): Since [G : H] = 2, we have G/H = Cy and so G = H U Hb
where b & H yet b? € H.

Proof of (#i): Since G = H U Hb, we have

R[G] = {thh+ thhb|xh,yheR}.

heH heH
Let

(R[G)© = {Z xph |z € R} . (R[G)YWY = {Z ynhb | yn € R} . (13)

heH heH
Then, since H <G, b ¢ H, and b*> € H, we have
R[G] = (RG)© & (RG],
(RIGD™ (RIGDY € (RG] ™42, i, j =0,1. O
For the given group Gy, 4, there are usually several choices for the maxi-

mal subgroup H in the above proposition. In the following we will show that
our results do not depend on that choice.

5.2. Homogeneity of the ideal 7 = (1 + 7)
We recall the following result from group theory (cf. [11,16]).

Lemma 4. Let G be a group of order p™ with n > 1. If {1} # H < G then
HNZ(G) #{1}. In particular, Z(G) # {1}.

When G = G, 4 and {1} # H < G, we have 2 | |H N Z(G,pq)|. In
particular, when [G : H] = 2, the central involution 7 € H. In fact, in that
case, |[HNZ(Gp4)| = 2.

Lemma 5. Let G=Gp 4, p+q>2,7 and let H <G such that |G : H] = 2.
(i) If the isomorphism class of G is Nox—1 or Nap, and T is the central
involution in Z(G), then T € H.
(ii) If the isomorphism class of G is Qag—1 or Qay, then there exits a central
involution T in Z(G) which is contained in H.

(i) If the isomorphism class of G is Sk, and T is the central involution in
Z(G), then T € H.

Proof of (i): Since H<G and [G : H] = 2, the quotient group G/H is abelian
and so by part (b) of Proposition 1, G' = {1,—-1} C H. Thus, 7 = -1 € H.

Proof of (ii): Since Z(G) = C x Cy, the center of G contains three elements
of order 2. Note that since

Qop—1 = Noj_1 0 (Ca x Ca) and Qg = Noj 0 (Cy x Cy),

"For the special case when p 4+ q = 1, see Appendix A.
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and [Qog—1 : Nog—1] = [Qor : Nog] = 2, from the Product Formula we find
that |[Nag—1NZ(G)| = | N2 NZ(G)| = 2. Thus, one of the central involutions,
call it 7, belongs to Z(Nak_1) or Z(Nay), respectively, and so it must again
equal a? where a is a generator of order 4 of any subgroup N; or N,. If H
is any subgroup in G) 4 of index 2, it must contain an element of order 4,
hence, it will contain the central element —1. Thus, again, 7 = a® = —1.

Proof of (#i): In this case, since Z(G) = Cy, there is a single central involu-
tion 7 in Z(G). Thus, 7 € H. We can also observe from Sy = Najp_1 0 Cy =

Ny o Cy that the normal subgroups Nog_1 and Ngi are of index 2. Thus,

T =a%=—1 as well. O

Proposition 4. Let G = G, 4. Ideal J = (1 + 7) in R[G] is homogeneous.

Proof. Let J = (1 +7) C R[G] = (R[G])©® @ (R[G])™) where 7 = a? €
Z(G). Let H be as in Proposition 3. Then, 7 € (R[G])(?) and the ideal J is
homogeneous. ([l

As a consequence of being homogeneous, the ideal 7, as a subalgebra
of R[G], is also Za-graded. Let j = u(1+7) € J where u € R[G]. Then, J is
homogeneous because the homogeneous parts of j belong to J:

Ioji=u(l+7)=u@0+7)+u®(1+7) (14)
HOTNO) jMegw
where () € (R[G])®, J7O) = (1 +7)(R[G])@. Clearly, 7 = T & JM) and
JO g6 C glitimod2) 45— 1.
5.3. Zg-gradation of R[G), ,|/J
We have the following result.

Proposition 5. Let G = G4 and J = (1 + 7) be the homogeneous ideal in
R[G] where T is a central involution in G. Let H be normal in G of index 2,
be G\ H,b> € H. Then, the quotient algebra R[G]/J is Za-graded:

R[G)/T = (R[G)/T)” & RIG]/T)" with (15a)
R[G]/ O =sp{h+T | h e H}, and (15b)
R[G)/ 7)Y = sp{hb+ T | h € H}. (15¢)

Proof. From Proposition 3, we know that R[G] is Zs-graded. Then, if we de-
fine (R[G]/j)(l) as in (15b) and (15¢), then clearly (15a) holds. Furthermore,

(h+J) W +J)=hh'+7 € RG]/ T), (16a)

(hb+ T)(Wb+ T) = hbh'b+ T = h(bh'b=)b2 + T € (R[G]/T), (16b)
(h+ T)Wb+T)=hh'b+ T € RG]/ TV, (16¢)

(Wb+ T)(h+T)=HWbh+ T =h b Yo+ T € RG)/T)Y.  (16d)

Thus, (R[G]/7)™ (R[G]/T)Y € (RIG)/T) ™02 i j =0,1. 0
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Example 7. Consider the group algebra R[Qg] from Example 1. Then,
R[Qs] = (R[Qs)” @ (R[Qs]))™ (17)

where (R[Qg))® = sp{1,I,7,7I} and (R[Qs]))V) = sp{J,IJ,7J,71J}. Fur-
thermore, 7 = J©O @ JO where J© = sp{1 + 7,(1 + 7)I} and JO =
sp{(1 +7)J, (1 + 7)IJ}. The quotient algebra decomposes as

R[Qs]/T = (R[Qs]/T)” @ (R[Qs] /7)™ (18)

where
RQs)/ )" = sp{1 + T, 1J + T}, (19)
(RIQs]/ 7)) = sp{I + T, J + T} (20)

It can also be verified that the following R-algebra map

R[Qs)/T = RQs]/) & (RQs]/ ) 5
RQs)P /T & RQs)M/TD (21)
defined as
14T = 1+79, 1+T = 1+J9, (22a)
I+J=J+JY  J+ T I1J+JW (22b)

s a Zo-graded isomorphism. Here, the codomain of ¢ is a Zo-graded algebra
with multiplication defined as

@+ TN+ ITD) = ab4 gitimed2) 5= 1. (23)

See Appendiz C for multiplication tables in R[Qs]/J and (R[Qg))® /T @
(R[Qs)) D /TW.

5.4. On the Zs-graded isomorphism R[G,, ,]/J = C¢, ,

Our Main Theorem in Section 5 states that each Clifford algebra C¥,, is
R-isomorphic to the quotient algebra R[G, 4]/ T where G, 4 is Salingaros vee
group contained in C¢; . However, both algebras are Zs-graded. Thus, a nat-
ural question is to ask whether the R-isomorphism R[G, 4]/J = C¢, , is also
Zo-graded (or, just graded, for short). Of course, not all such isomorphisms
may be graded. This is because Clifford algebras belonging to the same iso-
morphism class —as predicted by the Periodicity of Eight Theorem— are only
R-isomorphic. For example, since the two algebras C¢;; and Cly are R-
isomorphic to Mat(2, R), they are not graded-isomorphic. Hence, for one, we
cannot expect both isomorphisms R[G1 1]/J = Cly 1 and R[Ga]/T = Cla o
to be simultaneously graded. For two, when the isomorphism R[G) 4]/ T =
Clp 4 is graded, we would expect it to remain graded regardless which max-
imal subgroup H of G, 4 has been used to exhibit the Zj-gradation of the
group algebra R[G, ], the ideal 7, and, in the end, the quotient algebra
E[Gy.)/J.

Our goal for this section is to investigate these issues on two examples.
In the end, we will conjecture a general result.
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5.5. Is the isomorphism R[Qs]/J = Cly 2 graded?

Recall presentation (1a) of Qg and a multiplication Table 18 of Qg in Appen-
dix D. Qg has three maximal subgroups, each isomorphic to Cy:

Hy = {a) ={1,7,a,7a}, Hy = (b) ={1,b,7,7b}, H3 = (ab) = {1, 7, ab, Tab}.

Each subgroup is of index 2, hence it is normal, and their intersection, as
expected, is ®(Qg) = Q5 = Z(Qg) = {1, 7} since Qs is extra-special. Let H
be any of these three subgroups. In the following, we will base the graded
structure of R[Qs], J and R[Qs]/J on H, and show that the isomorphism
R[Qs]/T = Cly 2 is graded.

5.5.1. Case H = Hy: Since Qg = H; U Hib = {1,7,a,7a} U {b, ab, TbTab},

R[Qs] = sp{1,7,a,7a} ®sp{b, ab, Tb, Tab} (24)
(R[Qs])(® (R[Qs])™)
and (R[Qs]) ) (R[Qs])W C (R[Qs]) 7 ™09 2). Then,
J =sp{l+7,(1+7)a} ®sp{(1+7)b,(1+ 7)ab} (25)
T Jm

and J® 70) C g(i+imod2) The quotient algebra decomposes as

R[Qs]/T =sp{l1+T,a+ T} @sp{b+ J,ab+ T}, (26)
(R[Qs]/ 7)1 (RIQs]/T) V)

and it has the following multiplication table:

TABLE 3. Multiplication table for R[Qs]/J based on H;
1+J7 a+J b+J ab+J
1+J | 1+T  a+J b+J  ab+J
a+J | a+J —-14J | ab+J —-b+J
b+J | b+T —ab+J | -14+T a+JT
ab+J |ab+J b+J | —a+J —-1+7J

Thus, (R[Qs]/7)"” (R[Qs)/7)Y € (R[Qs]/7)"F™*® i, j = 0,1. Define
an R-algebra map ¢ : R[Qs]/J — Cly 2 as

1+ —1, a+ J — eies, b—l—j*—)eh ab+ J — eq. (27)

. . . . (i) (i)

So, ¢ is a graded algebra isomorphism since ¢ ( (R[Qs]/J) C (Cly2)™.
Notice that in order to properly define ¢, we must have equality of orders of

the group elements: |a| = |ejes]| =4, |b| = |e1| = 4, and |ab| = |ea] =4 in Qg
and Gy 2, respectively.
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5.5.2. Case H = Hy: Since Qg = Ho U Hoa = {1,7,b, 7b} U {a,Ta,ab, Tab},

R[Qs] = sp{1, 7,b,7b} ®sp{a, Ta, ab, Tab} (28)
(R[Qs])© (R[Qs])™
and (R[Qs])™ (R[Qs))Y) C (R[Qs])"+7 ™4 2). Then,
J=sp{l+71,(1+7)b}®sp{(1+7)a, (1 +7)ab} (29)
TO )
and J® 70 C gi+imod2) The quotient algebra decomposes as
R[Qs]/T =sp{1+ T, b+ T} ®spfa+ T, ab+ T}, (30)
(R[Qs]/T)©@ (R[Qs)/ 7)™

and it has the following multiplication table:

TABLE 4. Multiplication table for R[Qs]/J based on Hy
1+J b+J | a+J  ab+J
1+J | 1+ b+J a+J ab+J
b+J | b+TJ 14T | —ab+T a4+ T
a+J | a+J ab+J | -1+T —-b+JT
ab+J |ab+J —a+J| b+T —1+J

Thus, (R[Qs]/7)? (R[Qs]/T)Y € (R[Qs]/T) 7 ™42 i j = 0,1. Define
an R-algebra map ¢ : R[Qs]/J — Cly 2 as

1+7—1, b+T+—ee, a+J+—rey, ab+T+—eq. (31)
So, again ¢ is a graded isomorphism and |b| = |ejez]| =4, |a| = |ez| = 4, and

|ab| = |e1| =4 in Qs and Gy 2, respectively.

5.5.3. Case H = Hs: Since Qg = Hs U Hya = {1,7,ab, Tab} U {a,Ta,b, b},

R[Qs] = sp{1, 7, ab, Tab} ®sp{a,Ta,b,7b} (32)
(R[Qs])® R[Qs)™
and (R[Qs]) (R[Qs])Y) C (R[Qs])!"+7 ™4 ). Then,
J=sp{l+7,(1+7)ab} ®sp{(1 + 7)a, (1 + 7)b} (33)
F©) JW
and 7O g6 C gi+imod2) The quotient algebra decomposes as
R[Qs]/T =sp{1+ T, b+ T}t @spla+ J,ab+ T}, (34)
(R[Qs]/T) (RQs]/T) )

and it has the following multiplication table:
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TABLE 5. Multiplication table for R[Qg]/J based on Hj
1+J ab+J | a+J b+J
I+J | 1+J ab+J | a+TJ b+ T
ab+J |ab+J —-1+TJ| b+J —a+J
a+J | a+J -b+7J| -14+J ab+J
ab+J | b+J a+J | —-ab+J —-1+J

Thus, (RIQs]/7)"™ (RQs]/ )Y € (RIQs]/T)H ™4 i, j = 0,1. Define
an R-algebra map ¢ : R[Qg]/J — Cly 2 as

1+47—1, ab+J —ee, a+J—e, b+T+— es. (35)

Again, ¢ is graded and |ab| = |ejez| =4, |a| = |e1| =4, and |b| = |e2] =4 in
Qs and Gy 2, respectively.
In conclusion, we have proven the following.

Theorem 5. There is a graded algebra isomorphism R[Qs]/T = Clya. The
isomorphism does not depend on the choice of a mazximal subgroup H in Qg
used to define the graded algebra structure in R[Qs]/J.

5.6. Are the isomorphisms R[Dg]/J = C¢; ; and R[Ds]/J = Cls o graded?
Recall presentation (2a) of Dg and a multiplication Table 19 of Dg in Ap-
pendix D. Dg has three maximal subgroups:
Hy = (r,b) ={1,7,b,7b} 2 Dy, Hy = (1,ab) = {1,7,ab, Tab} = Dy,
Hs; ={a) ={1,7,a,7a} = Cy.

Each subgroup is of index 2, hence it is normal, and their intersection is
®(Dg) = Dy = Z(Dsg) = {1,7} since Dg is extra-special. Let H be any of
these three subgroups. In the following, we will base the graded structure

of R[Dg], J and R[Ds]/J on H, and consider whether the isomorphisms
R[Ds]/j = 06270 and R[Dg]/j = 06171 are graded.

5.6.1. Case H = H;: Since Dg = Hy U Hia = {1,7,b,7b} U {a,Ta,ab, Tab},

R[Ds] = sp{1,7,b,7b} ®sp{a, Ta, ab, Tab} (36)
(R[Ds])(© (R[Dg])®
and (R[Ds])®(R[Dg])@) C (R[Dg])+ mo42). Then,
J =sp{l+7,(1+7)b} Dsp{(1+7)a,(1+7)adb} (37)
T© R4E)
and J® g0 C g(i+imod2) The quotient algebra decomposes as
R[Ds]/T =sp{l+ T, b+ T} ®sp{a+ T,ab+ T}, (38)
(R[Ds]/ )@ (R[Ds]/ )™

and it has the following multiplication table:
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TABLE 6. Multiplication table for R[Dg]/J based on H;
1+7 b+J | a+J ab+J
1+J | 1+J b+J | a+J ab+J
b+J | b+J 1+J | —ab+J —a+J
a+J | a+J ab+J | -14+J —-b+JT
ab+J |ab+T a+T | b+ T 1+J

Thus, (R[Ds]/7)? (R[Ds)/ 7)Y C (R[Ds]/7) ™42 4 § = 0,1. Define
an R-algebra map ¢ : R[Dg]/J — Cla g as

1+7—1, b+T—e, a+J—=eey, ab+J+— —eo. (39)

So, while ¢ is an R-isomorphism, it is not graded since the even element b+ 7
is mapped into the odd element e;. Notice that in order to properly define
¢ as the R-isomorphism, we must have equality of orders: |b] = |e1| = 2,
la| = |erez] = 4, and |ab] = | — e2] = 2 in Dg and Ga,, respectively. Thus,
a+ J cannot be mapped to e; or e; for that reason. The only flexibility in
defining ¢ is to switch e; and eg in (39) (modulo —1). Thus, the isomorphism
R[Ds]/J = Cly is not graded when H = Hj.

However, the isomorphism R[Dg]/J = Cf¢;; is graded. Define an R-
algebra map ¢ : R[Ds]/J — Cl1 1 as

1+7—1, b+T+—ee, a+J+— ey, ab+T+—eq. (40)

So, ¢ is graded since ¢ ((R[Dg]/j)(i)) C (C’Em)(i) and [b] = |ejes| = 2,
la| = |e2| = 4, and |ab] = |e1| = 2 in Dg and G 1, respectively.

5.6.2. Case H = Hy: Since Dy = Hy U Hoa = {1, 7,ab, Tab} U {a,Ta,b, b},

R[Ds] = sp{1, 7, ab, Tab} ®sp{a, Ta,b, 7b} (41)

(R[Ds])( (R[Ds))™)

and (R[Dg])® (R[Dg])) C (R[Dg])t*7 mo42). Then,

J=sp{l+7,(1+7)ab} ®sp{(1+ 7)a, (14 7)b} (42)

70 T

and J® g0 C g(+imod2) The quotient algebra decomposes as

R[Ds]/J =sp{l+J,ab+ J}@®sp{a+T,b+ T}, (43)

(R[Ds]/7)* (R[Ds]/ )V

and it has the following multiplication table:



20  Rafal Abtamowicz, Manisha Varahagiri and Anne Marie Walley

TABLE 7. Multiplication table for R[Ds]/J based on Hs
1+J ab+J | a+J b+J
I+J | 1+J ab+J | a+J b+J
ab+J |ab+J 1+T | b+T  a+J
a+J | a+J —-b+J | -1+J ab+J
b+J | b+TJ —a+J | —-ab+J 1+J

Thus, (R[Ds]/ )" (R[Ds]/ 7)Y € (R[Ds]/T) 7 ™42 i j = 0,1. Define
an R-algebra map ¢ : R[Ds]/J — Cls as

1+ =1, ab+T—e, at+Tr—ee, b+Tr e (44)

So, while ¢ is an R-isomorphism of algebras, it is not graded since the even
element ab + J is mapped into the odd element e;. The orders of the group
elements must match: |ab| = |e;| = 2, |a| = |e1ez] = 4, and |b| = |ex]| = 2
in Dg and Gq g, respectively. Thus, a + J cannot be mapped to e; or e, for
that reason. Thus, the isomorphism R[Dg]/J = Cly g is not graded when
H = Hs.

However, the isomorphism R[Ds]/J = Cf;; is graded. Define an R-
algebra map ¢ : R[Ds]/J — Cl1 1 as

1+J—1, ab+T+—ee, a+J+—ey, b+J+— —eyq. (45)
So, ¢ is a graded algebra isomorphism and |ab| = |ejes| = 2, |a| = |es| = 4,
and |b] = | — e1] =2 in Dg and Gy 1, respectively.

5.6.3. Case H = Hj: Since Ds = Hy U Hzb = {1,7,a,7a} U {b,ab, b, Tab},

R[Ds] = sp{1,7,a,7a} & sp{b, ab, 7b, Tab} (46)

(R[Dg])(© (R[Dg])(V)

and (R[Ds])? (R[Ds])\?) C (R[Ds])!"*9 ™4 ?). Then,

J =sp{l +7,(1+7)aj @sp{(1+7)b, (1 +7)ab} (47)

RAC) RAS))

and J® 70 C g(i+imod2) The quotient algebra decomposes as

R[Ds]/T =sp{l+T,a+ J}®sp{b+ T,ab+ T}, (48)

(R[Ds]/ )@ (R[Ds]/ 7)™V

and it has the following multiplication table:
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TABLE 8. Multiplication table for R[Ds]/J based on Hj
1+ a+J | b+T ab+J
1+J |1+ a+J | b+T ab+J
a+J | a+J —-1+7J |ab+J b+ T
b+J | b+T —ab+J | 1+T —-a+J
ab+J |ab+J b+T |a+T 14+J

Thus, (R[Ds]/7)" (R[Ds]/ 7)Y € (R[Ds]/7)H ™4 i j = 0,1. Define
an R-algebra map ¢ : R[Ds]/J — Cla as

1—|—jH1, a—|—j>—>e1e2, b—l—j&—)el, ab+jH—82. (49)

So, ¢ is graded and |a| = |ejez| =4, |b] = |e1| =2, and |ab] = | —ez] =2 in
Dg and G, respectively.

However, the isomorphism R[Ds]/J = C¢;; is not graded. Define an
R-algebra map ¢ : R[Dg]/J — Cly 1 as

1+ =1, a+T— e, b+T+—e, ab+Jr— —ejes. (50)
So, ¢ must preserve orders of group elements namely |a| = |es]| = 4, |b] =
le1] =2, and |ab] = | — e1ez2] = 2 in Dg and G 1, respectively. Thus, it must

map an even element a into the odd element ey (or —e3).
In conclusion, we have proven the following.

Theorem 6. For each of the three mazimal subgroups H in Dg used to define
the graded algebra structure in R[Dg|J, exactly one of the two R-algebra
isomorphisms R[Dg]/J = Cly o or R[Dg]/T = Cl1,1 is graded.

We conclude this section with a conjecture.

Conjecture. Let C' be any of the five Salingaros isomorphism classes.

(i) If there is a single group G, 4 in C, then the isomorphism R[G, 4]/ T =
Cl, 4 1s ZLa-graded.

(ii) When there is more than one group G, 4 in C, there exists exactly one
group Gp 4 in C such that the isomorphism R[Gp /T = Clp 4 is La-
graded while for all other groups in C, the isomorphism is not graded.

6. Conclusions and questions

We can summarize our results as follows:

(a) Every Clifford algebra C¥, ; is R-isomorphic to one of the quotient al-
gebras:
(1) R[Neven]/T, R[Noadl/T, R[Sk]/T when C¥%, , is simple, and

(if) R[Qeven)/T, R[Qoaa]/T when C¥,, , is semisimple,
of Salingaros vee groups Neven, Nodd, Sk, Qeven, and oqq modulo the
ideal J = (1 + 7) for a central element 7 of order 2.
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(b) The group algebra R[G, 4] is Zs-graded and the ideal J = (1 + 7),
where 7 is a central involution, is homogeneous and Zs-graded.

(c) Insome cases, there is a graded algebra isomorphism between R[G), 4]/ T
and Cl, .. We conjecture that each Clifford algebra CV, , is graded-
isomorphic with R[G, 4]/ T

(d) We have presented two algorithms that allow one to factor each Salin-
garos vee group into a central product of its subgroups.

The following questions remain:

(a) How does the group structure of Gy, 4, e.g., presence of normal subgroups
and the central product structure, carry over to the algebra structure
of Cly, 47 If so, how?

(b) Apply the character theory and representation theory methods of 2-
groups to the group algebras R[G, ] and their quotients R[G,, 4]/ 7,
and hence to the Clifford algebras C¥,, ;. In particular, relate, if possible,
primitive idempotents in Cf, , to the irreducible characters of G, 4.

Appendix A. Two special cases: G ; = Sy and Gy = €

In the Main Theorem in Section 5 and later in Lemma 5, we excluded two
Clifford algebras when p+ ¢ = 1: C¥y; and C¥¢; o. However,

Go1 = S0 = (g1,7 | (1) =7,7° =1L, 17 = 791) = Cy, (51)
G102 =2(g,7|()? =17 =117 =7g1) = Cs x Cs, (52)

where, in both cases, the group elements are 1, g1, 7, g17. Let G denote either
group and let H = (1) = {1,7} < G. It is easy to show that both group
algebras are graded with the following two homogeneous parts:

RG] = (RIG)@ & (RIG)™ = sp{1,7} ® sp{gr. 917} (53)
Define a homogeneous ideal J = (1 + 7) in R[G]. Then, in both cases,
J=J9eI7W =sp{l +7}@splg(l+7)}. (54)

Furthermore, the quotient algebra R[G]/J is also graded:

R[G]/T = RG]/ & RIG)/T)) =sp{l+ T} ®sp{gs + T} (55)
with

—1+j WhenG:G01'
+J)P=(@n)+JT= ’ ” 56
(1 + 77 = (@) +J { 1+, when G =Gy (56)
We can now define two R-algebra isomorphisms
Q1 R[G071]/\7 — Cfo,l and Yo R[GLQ]/j — CZLO as
1+7—=1, g+Tr—e, 7T+T—-1 (57)

which happen to be graded algebra isomorphisms.
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Appendix B. Groups G, , as central products

In this appendix we write Salingaros vee groups Gy, 4 as internal central prod-
ucts for 3 < p+ ¢ < 9. In particular, we show generators for all subgroups
appearing in the central products.

We present two algorithms by which we can factor any vee group into a
central product of subgroups. Recall that the central product is commutative
and associative, and that the subgroups appearing in the factorization are
unique up to an isomorphism. Our standard presentations for Dg and Q)g is
as follows:

N, 2 Dg = (a,b) = (a,b | a* =b* = 1,b"'ab=a™ "), (58)
Ny = Qg = (a,b) = (a,b | a* =1,a*> = b*, b rab=a""). (59)

Recall also that the centralizer Co(H) of a subgroup of G is defined as
Co(H)={zx € G| zh=hxforall h € H}. (60)

Note that Cg(H) is a subgroup of G, Cq(G) = Z(G), and Ce(H) < Ng(H),
the normalizer of H in G [16].

Algorithm 1: Algorithm to factor Nox_1 as central product, k& > 2.

1. Data: G =Gp,q,p+q>3
2. Result: Factorization G = Noy_; = N7* = Dém 0--0 Dé2) o Dgl).
3. Find order structure of G:
Lo = list of elements in G of order 2,
L4 = list of elements in G of order 4.
4. Choose generators a and b for Dél) from L4 and Lo.
5. Generate Dél) = {(a, b).
6. Compute centralizer K = Cg(Dél)).
7. for i < 2 to k do
Find order structure of K;

Lo = list of elements in K of order 2;

L4 = list of elements in K of order 4;

Choose generators a and b for Dg) from L4 and Lo;
Generate Déi) = (a, b);

Compute DS o DYV o...0 DM as D (DY ... D),
Find centralizer K = Cg(DS” o DY 0. 0 D{M):;

end

return generators for Dék), ceey Dél).

Example 8 (Factoring in N;). Let G = Go so |Gog| = 128 and
G=Gos=N; =2 NP =D oDP oDV, k=3 (61)

where Dg),i = 1,2,3, are subgroups in Gog, each isomorphic to Ds. We
execute steps 3-6 in Algorithm 1:
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3. The order structure of G is [1,71,56] and lists Ly and Ly contain all
elements of G of order 2 and 4 respectively:

Ly = (e123,€124,€125,...,€234,...), Ly=(e1,eze3,...). (62)

4. We let a = e1,b = eq3q so that relations (58) are satisfied.

5. We generate Dél) as {(a, b).

6. We compute the centralizer K = CG(Dél)). The order of K, as expected,
18 32.

Next, we perform the do—loop in step 7 twice for i = 2,3 and find generators

for Dg) and Dég).

7. The order structure of K is [1,19,12] and lists Lo and Ly contain all
elements of K of order 2 and 4 respectively:

Ly = (e125,€126,€135,...), La = (e23,€24,€34,...). (63)

We let a = ea3,b = ej125 so that relations (58) are satisfied.

We generate DéQ) = (a, b).

We compute DéQ) ° Dél) as the product Ds(f)Dél) due to the definition of
the central product.

We compute the centralizer K = Cg (Dg) o Dél)). The order of K is 8, as
expected.

In fact, this last centralizer K is already our third dihedral group Dg)’) and it

can be generated, as the second iteration of this do—loop confirms, by choosing
a = e12345 and b = eysg. Thus, we conclude, that

Gos = N5 = N3 =D o D@ o DV
= <e123457 el46> © <923, e125> o <e1, 9234>- (64)

It is easy to check that the three sets of generators {€i12345, €146}, {€23, €125},
and {e1, eq34} centralize each other and generate three copies of the dihedral
group Dg in Gog. Notice also that the Product Formula gives

DO p?
2 = |Ny| = [p® o D) = LD IPE L (65)
D 1 D]

so, as expected, |Dé2) n Dél)| = 2. Furthermore,
|D&”||Dg” o DY

2" = |Ns| = D o (D{ o DY) = = S (66)
DY N (DY o DY)

s0, again as expected, \Dém N (Déz) o Dél))| = 2. This implies that

DE N DP DY = Z(Gog) = C,. (67)



A Classification of Clifford Algebras 25

Algorithm 2 is a small modification of Algorithm 1. The modification is
in the steps 4-6.
Algorithm 2: Algorithm to factor Ny, as central product, k > 2.
1. Data: G =Gpq,p+q>3
2. Result: Factorization G = Ny, = Nlo(kf1> o Ny = Dék) 0.0 D§2) 0 Qs.
3. Find order structure of G:
Lo = list of elements in G of order 2,
L4 = list of elements in G of order 4.
Choose generators a and b for Qs from Ly subject to (59).
Generate Qs = {(a, b).
Compute centralizer K = Ca(Qs).

for i < 2 to k do
Find order structure of K;

~ o o

Lo = list of elements in K of order 2;
L4 = list of elements in K of order 4;

Choose generators a and b for Déi) from L4 and Lo;

Generate Déi) = {(a, b);

Compute Déi) o Déi_l) 0.0 DéQ) 0 Qs as Déi)(Déi_l) e DéQ)Qg);
Find centralizer K = Cg(Déi) o Déifl) 0---0 Dé2) o Qs;

end

return generators for Dék), ceey DéQ), Qs.

Example 9 (Factoring in Ng). We apply Algorithm 2 to G = Ga6 of order
512. So, we are seeking the following factorization:

G=Gs = Ns=N*o0Qs =D oDP oDPoQs, k=4  (68)

where Dg),i = 2,3,4, are subgroups in Gag, each isomorphic to Dg. We

execute steps 3-6 in Algorithm 2:

3. The order structure of G is [1,239,272] and lists Lo and L4 contain all
elements of G of order 2 and 4 respectively:

Lg = (81782,813,...), L4: (63,94,65,...). (69)
We let a = e3,b = ey4 so that relations (59) are satisfied.
We generate Qg as (a,b).

6. We compute the centralizer K = Cq(Qg). The order of K is 128, as
expected.

AR

The do-loop in step 7 is performed three times for i = 2,3,4. In the end,
we find generators for the three subgroups of Gae isomorphic to Dg that
centralize each other and the subgroup isomorphic to Qg. Thus, we conclude,
that

GQ’G = NS = NloS e} N2
= Dé4) o Dég) ] Dég) o Qg

= (e34678, €1258) © (€67, €346) © (€12, €15) © (€3, €4). (70)



26  Rafal Abtamowicz, Manisha Varahagiri and Anne Marie Walley

Obviously, Dé4) N Dé‘g) N Déz) NQs = Z(Ga6) as a direct consequence of the
fCLCt thCLt Z(Dg) = Z(QS) =~ Z(G276) = 02.

Algorithms 1 and 2 allow us to factor vee groups Gj 4 in the remaining
three classes Qor_1, Qo and Si as well. The right-most group is always
the center Z(Gp,4), which is either isomorphic to Dy = C2 x Cy or Cy. Of
course, the centralizer of each center is the whole group, thus, knowing that
Dy = (B,—f) while Cy = (8), where /8 is the unit pseudoscalar in C¢, 4,
one can begin by finding generators for the second-rightmost group, either
Ny = Dg or N = g, as needed. Notice that since

| Nog—1|| Dy

|Q2k—1| = |Nag—1 0 Dy4| = m, (71a)
[Qok| = |Nog 0 Dy| = m, (71b)
Nop—1]|C.
|Sk| = [Nak—10C4| = W, (71c)
= [Nap o Cy| = m7 (71d)
and |Nop_1| = |Nog| = 2251 and [Qop_1| = |Qax| = |Sk| = 22¥72, we find

that the orders of all group intersections in (71) equal to 2. This implies, as
expected, that the central involution T belongs to Nay, or | Naj_1, respectively.
We illustrate this process in our next example.

Example 10 (Factoring in 4,4, S5).
(a) To factor a group of class Qak—1, for example Q1, we use Algorithm 1:

G271 ng §N10D4 gD80D4. (72)
The order structure of Ga,1 is [1,11,4] with elements of order 2 and 4 as
LQ = (el,eg,elg,...) and L4 = (93,612,...). (73)

Thus, we let Dg = (es,e1) and verify that Go1 = (es,e1) o (B, —5) where
B = eqo3 is central of order 2.

(b) To factor a group of class Qo for example Q4, we use Algorithm 2:

G1,4%94'E’N4OD4gN10N20D4%D80Q80D4. (74)
The order structure of G = G1.4 is [1,23,40] with elements of order 2 and 4
as

L2 = (61,6127913,...) and L4 = (82783794,...). (75)

Thus, we let Qg = (ea,e3), verify that |Qs o D4| = 16, as expected, and
compute the centralizer

K = Cg(Qs o Dy) = {*1, ey, te;s, Teys,
+ ej23, Te934, T35, fe€12345}.  (76)
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The do-loop needs to be executed once. The order structure of K is [1,11,4]
with elements of order 2 and 4 as

Ly = (e1s,€15,€234,...) and Ly = (es5,€e123,...). (77)
We let Dg = (e4s5,€14) and conclude that Dg o (Qs o Dy) = Gy,4 with
Dg = {£1,+e1y, *ei5, feys}, Qs = {*1,+ey, +es, fess}, (78)

and Dy = {£1,+8} where § = e12345 is central of order 2.

(¢) To factor a group of class Sy, we use either algorithm depending on which
factorization we seek. For example, the two ways to factor Sy are:

G0’5 =~ 52 =~ N3 o 04 = Nl [e] Nl o 04 = Déz) o Dél) o 04, or, (79&)
G075ESQgN4OC4gNIONQOC4§DSOQSOC4. (79b)

Let us find factorization (79a) with Algorithm 1. Recall that Z(Sy) = (5) =
Cy since |B| = 4 in every group Si. The order structure of Go s is [1, 31, 32]
with elements of order 2 and 4 as

L2 = (9123,9124,9125,...) and L4 = (617627837...). (80)

Thus, we let Dél) = (e1, e234), verify that |Dé1) o C4| = 16, and compute the
centralizer

K = CG(Dél) (¢] 04) = {:l:l, :l:egg, :‘:624, :I:e34,
+ eq25, €135, £€145, £€12345}.  (81)

The order structure of K is [1,7,8] with elements of order 2 and 4 as
Lo = (e125,€135,€145,-..) and L4 = (€23,€24,€34,...). (82)
We let Dg) = (ea3, e125) and conclude that DéQ) ) (Dél) o Cy) = Go 5 with
DY) = {41, +es3, ter5, +e135}, DY = {£1, e, +essq, teiosa}, (83)

and Cy = (B) = {£1, 18} where 5 = e12345 is central of order 4. Similarly,
factorization (79b) can be found with Algorithm 2.

In the following, we collect results of our factorization algorithms. To
simplify our notation, we present copies of the dihedral group N7 = Dg and
the quaternion group Ny = Qg just by listing their generators as in {a, b). All
central products are written by juxtaposition, (N;)°* denotes the internal
central product of k copies of Ny, and Dy = Cs x Cs. Depending on the
order of a pseudoscalar (3, the center Z(G, ) of order 4 is either elementary
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—p) or cyclic (). All computations have been implemented in

CLIFFORD [1,2] and an additional package for handling groups.

TABLE 9. p+q = 3: Groups G, , of order 2%, 8 = ej23

Group Class Group factorization
Gos | Q222 NaDy (e1,e2)(B, —f)
Gi,2 S1 = N1Cy (e2,e1)(B)

S1 = NQC4 <62793><ﬂ>
G2 Q1 =2 N1 Dy (es,e1)(B,—B)
Gs,0 S1 = N1Cy (e12,e1)(B)
S1 = NoCy (e12,e13)(B)
TABLE 10. p+ ¢ =4 : Groups G, , of order 2°

Group Class Group factorization
Go,a Ny = N1N2 (es4, e123)(e1, e2)
G133 Ny =2 N1No (e123,€e14)(e )
Ga,2 N3 = N1N; (e134, €24)(e3,€1)

N3 = NaNo <'312,el34><€337 e4>
Gs,l N3 = N1 N <e23,e1234><e4,el>
N3 = NaNa | (e12,e13)(es, €123)
G4,0 Ny = N1N2 <e1237 e4><e12,e13>

TABLE 11. p+q = 5: Groups G,, , of order 2, 8 = ej2345

Group Class Group factorization
Go,s S 2 (N1)°2Cy (e23, €125) (€1, €234) ()
So 22 N1N2Cy (e34, €123) (€1, e2)(B)
Gia Qu 2 N1N2Dy | (ess,e1a){ez,e3)(B,—5)
Ga3 So 2 (N1)°2Cy (eas, e24)(e3, e1)(B)
So =2 N1N2Cy (e12,e15)(es, eq)(B)
Gso | Q32 (N1)°?Dy | (e2s,ess)(es,e1)(B, —f)
Gan So 2 (N1)°2Cy (e23, e125)(es, e1)(f)
So = N1 N2Cy (e12, €145){es, €123) ()
Gs,0 Q4 2 N1NaDy | (ess,es)(er2,e13) (B, —5)

TABLE 12. p+ q = 6: Groups Gy, of order 27

Group Class Group factorization

Go N5 = (N;)*? (e12345, €146) (€23, €125) (€1, €234)
Gis | Ne = (N1)2N, (e1456, €236) (€45, €14) (€2, €3)
02,4 Ng = (N1)02N2 <612345,8346><6127615><63,e4>
Gs,3 Ng = (N1)*? (e146, €2356) (€23, €25) (€4, €1)
Gap Ns = (N;)°3 (e2346, €145) (€23, €26) (€5, €1)
Gs,1 | No 22 (N1)°2 N2 | (e12346, €356) (€12, €146 ) (€6, €123)
Goo | No = (N1)2N2 (e4s6, €1236) (€45, €4) (€12, €13)
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TABLE 13. p+ g = T7: Groups Gj, 4 of order 28, B = e1a34567

Group Class Group factorization

Go,7 Q5 = (N1)°3Dy (eq7, €146) (€23, €125) (€1, €234) (B, — B)

G1,6 Sg =2 (N1)°304 <e567912345><e34793567><927el></8>
S3 2 (N1)°?N2Cy (e67, €236) (€45, €14) (€2, €3) (B)

02,5 = (N1)02N2D4 <e67,e346><'312,815><'33,e4><ﬂ7 —5)

Gsa S5 22 (N1)°3Cy (€67, €2356) (€23, €25) (€4, e1)(B)

(es45, 637> <6127 616><e4, es) <5>

Gas Qs = (N1)°Dy (e157, €47) (€23, €26) (€5, €1) (B, — )
G5,2 Sy = (N1)0304 <e45,e146><823,627><86,e1><ﬂ>
S3 = (N1)02N204 <6347612367><612761345><667e7><ﬁ>
Ge,1 Q6 = (N1)°2N2Dy | (ess, e357) (€12, e1a7) (€7, e123) (B3, — )
Gro S5 22 (N1)°3C, (es6, €12345) (€34, €3567) (€12, €1) ()
S5 2 (N1)°2N2Cy (e67, €1236) (€45, €4) (€12, €13) (B)
TABLE 14. p + ¢ = 8 Groups G, , of order 2°
Group Class Group factorization
Gos N7 =2 (Np)** (e14678, €2358) (€67, €146) (€23, €125) (€1, €234)
Gz N7 = (Np)** (e345678, €12347) (€56, €3458) (€34, €3567) (€2, €1)
G26 | Ns = (N1)>*N, (es4678, €1258) (€67, €346) (€12, €15) (€3, €4)
G35 | Ns = (N1)>*N, (e12456, €34578) (€78, €37) (€12, €16) (€4, €5)
Gy N7 = (N7)** (e14578, €12356) (€78, €47) (€23, €26 ) (€5, €1)
Gs3 N7 = (N (e234578, €12367) (€45, €48) (€23, €27) (€6, €1)
Go2 | Ns = (N1)°°Na2 | (e123456, €12578) (€34, €1236) (€12, €1345) (€7, €8)
G71 | Ns = (N1)>*N, (ess678, €1247) (€56, €358) (€12, €148) (€38, €123)
Gs,0 Ny =2 (N;)°* (es45678, €12347) (€56, €3458) (€34, €3567) (€12, €1)

>

29
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TABLE 15. p+q=09: Groups Gp)q of order 210, ﬁ = €123456789
Group Class Group factorization
Go,o Sy 22 (N1)°*Cy (eso, €2358) (€67, €146) (€23, €125) (€1, €234) ()
Sy = (N1)03N204 <e787 €1234567) (€56, €5789) (€34, 8123> <e1, e2)(8)
Gis Q7 = (N1)°* Dy (e129, €3479) (€56, €3458) (€34, €3567) (€2, €1) (B, —B)
Gar Sy = (N1)°4C4 (es9, €245678) (€67, €13689) (€45, €24) (€3, €1) ()
Sy = (N1)03N204 <989,61258><ee7,6346><612,e15><83,e4><,3>
Gze | Qs = (N1)°*N2Dy (e37s9, €459) (€78, €37) (€12, €16) (€4, €5) (B, — )
Gas Sy 22 (N1)°*Cy (e159, €2360) (€78, €47) (€23, €26) (€5, €1) ()
Sy & (N1)03N204 <el25677e569><5347638><el27 617><e5,e6><5>
Gs.4 Q7 = (N1)°* Dy (e169, €2379) (€45, €48) (€23, €27) (€6, €1) (B, — )
Gs,3 Sy 22 (N1)°*Cy (e2368, €167) (€45, €49) (€23, €28) (€7, €1) ()
Sy = (N1)03N204 <9567 8123459><'334,635678><612, '319)(677 es)(ﬂ)
Gr2 | Q82 (N1)°*NaDy | (ersg, €1257) (€34, €1236) (€12, €1345) (€8s, €9) (B, —3)
Gs1 Sy = (N1)°4C4 (€67, €1234569) (€45, €4678 ) (€23, €129) (€9, €1) ()
Sy 2 (N1)°2N2Cy (ers, €1247) (€56, €359) (€12, €149) (€9, €123) (3)
Goo Q7 = (N1)°* Dy (e129, €3479) (€56, €3458) (€34, €3567) (€12, €1) (B, —3)

Appendix C. Multiplication tables for Example 7

TABLE 16. Multiplication table for R[Qs]/J

1+J 17+ J I1+J J+ T
+J [ 1+7 [+g | 1+7 | 1+
J+J | 1J+7 | -1+7 | J+J | -1+J
1+ | 1+7 |—J+J| —1+7 [ 17+7
J+T | J+T | I+7 |-10+T ] -1+J

TABLE 17. Multiplication table for (R[Qs])(® /7 & (R[Qs])™ /T M)

1+ 70 I+ 79 J+gm IJ+ W
1+79 [ 14+99 | 1479 | J+79 | 1J+JY
I+J50© I+ 79 “14+J9 1 1Jg+g0 | g+ gD
J+IJY | T+ gW | 17+ Y | 1499 | 1490
IJ+ 7D | g+ g0 J+Jm T+J9 | 14+ 70
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Appendix D. Multiplication tables for ()5 and Dg

Based on the presentation of Qg shown in (1a), let 7 be the central involu-
tion a?. Then, Qg = {1, a,7,Ta,b,ab,7b,7ab}. A multiplication table for Qg

may be arranged as follows:

TABLE 18. A multiplication table for Qg

1 T a Ta b ab 16 Tab
1 T a Ta b ab Tb Tab
T 1 Ta a b  Tab b ab
a Ta T 1 ab 16 Tab b
Ta | Ta a 1 T | Tab ab Tb
b b b Tab ab T a 1 Ta
ab | ab Tab b T | Ta 1
b | Tb b ab  Tab Ta
Tab | Tab ab 7D b a 1 Ta

Table 18 exhibits a coset decomposition Qg = H; U H1b where H; is a max-
imal subgroup with elements Hy = {1,7,a,7a} while H1b = {b, b, ab, Tab}.
Based on this decomposition, we have a Zs-graded structure on the group
algebra R[Qg) = (RIQs)© & (RIQs))™ where (RIQs)© = sp{h | h € Hy}
and (R[Qg))™") = sp{hb | h € H,}.

Based on the presentation of Dg shown in (2a), let 7 be the central
involution a?. Then, Dg = {1, a,,7a,b,ab, b, Tab}. A multiplication table

for Dg may be arranged as follows:

TABLE 19. A multiplication table for Dg

1 T b b a Ta ab Tab

1 1 T b Tb a Ta ab Tab
T T 1 b b Ta a Tab ab
b b b T Tab ab Ta a

7b Tb b T 1 ab Tab a Ta
a a Ta ab Tab| T 1 Tb b

Ta | Ta a Tab ab 1 T b Tb
ab ab Tab a Ta b b T
Tab | Tab ab Ta a b b T 1

Table 19 exhibits a coset decomposition Dg = H; UH 1b where H; is a max-
imal subgroup with elements H; = {1, 7,b, 7b} while Hya = {a,Ta, ab, Tab}.
Based on this decomposition, we have the Z,-graded structure on the group
algebra R[Dg] = (R[Ds])® @ (R[Dg])") where (R[Dg])(®) = sp{h | h € H,}

and (R[Dg])) = sp{ha | h € H;}.
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